A general analytical theory for the two-dimensional eigenmode structures and stability of high toroidal-mode-number ͑high-n͒ shear Alfvén modes in axisymmetric tokamaks is presented. This theory, thus, further generalizes the previous work on the high-n toroidal Alfvén eigenmode ͑TAE͒ ͓Phys. Fluids B 5, 3668 ͑1993͔͒ by including, nonperturbatively, plasma kinetic effects and resonant excitations by energetic particles. Specifically, in addition to recovering the known theoretical predictions on TAE, we have derived new results on global radial structures, as well as stability properties of kinetic toroidal Alfvén eigenmodes ͑KTAE͒ and energetic-particle modes ͑EPM͒.
I. INTRODUCTION
In recent years, there has been increasing attention devoted to the problems related to the interaction of magnetohydrodynamic ͑MHD͒ modes with MeV ''energetic'' particles, which may be present in laboratory plasmas due to deuterium-tritium ͑D-T͒ fusion reactions and powerful heating/current-drive systems. The basic motivation for such an effort is the goal of the scientific community to realistically predict the performances of the next generation experimental fusion reactors, especially for the International Thermonuclear Experimental Reactor ͑ITER͒. 1 The most relevant plasma modes, which may interact with energetic particles, are shear Alfvén waves, whose frequencies lie either inside or very close to the gaps of the shear Alfvén continuous spectrum 2 in order to minimize the damping associated with the presence of continuum modes. In the present work, we will focus our attention to the Alfvén branches, whose frequencies are close to the toroidicityinduced Alfvén continuum gap. 3 Furthermore, we will concentrate on high toroidal mode number ͑high-n͒ waves. In fact, high-n modes are known to be most unstable, 2, 4 since their drive is proportional to the diamagnetic frequency of the energetic particles, * pE , and, thus, to the mode number n.
Among the branches we are referring to, there are Toroidal Alfvén Eigenmodes ͑TAE͒ 5 and Kinetic Toroidal Alfvén Eigenmodes ͑KTAE͒. 5, 6 TAEs have a frequency inside the shear Alfvén continuum gap, and their mode structure is locally given by the toroidal coupling of two counterpropagating regular shear Alfvén waves. KTAEs, instead, have a frequency inside the Alfvén continuum and would be characterized by singular mode structures in the absence of kinetic effects. Their regular mode structure is locally given by the toroidal coupling of two counterpropagating kinetic Alfvén waves, 7 and they may be viewed as the discretized shear Alfvén continuum, modified by toroidicity. 6, 8 For both TAE and KTAE, the two-dimensional mode structures may be rather extended, 8, 9 the wave properties are determined by the core plasma fluid and kinetic dynamics, respectively, and they are not qualitatively altered by the energetic particles component of the plasma.
Most previous theoretical analyses of these modes have neglected the finite width of energetic particle orbits, and have assumed energetic plasma particles to be perturbations to the core plasma dynamics. The perturbative treatment of the energetic particles dynamics for TAE and KTAE is clearly an approximation, but it is capable to give, to the lowest order, a correct physical model of these instabilities. Neglecting the finite energetic particles orbit size, on the contrary, is a poor approximation for high-n TAE and KTAE. It has been analytically demonstrated that, for appreciable orbit widths, the mode drive no longer increases with n, but is rather constant. 10 Analogous results have been obtained numerically, 11 showing clearly that, after a first linear increase with n, the mode drive saturates and then rapidly falls off with the mode number. This occurs because, for increasing n, the mode perpendicular wavelength becomes small enough to be comparable to the particles orbit widths ͑i.e., Larmor radius LE or drift/banana-dE / bE -orbit size͒. Then, orbit averaging takes place and the mode drive decreases, indicating the inefficiency of energetic particles to drive waves with wavelengths smaller than the characteristic size of their orbits. Recent analytic results 2, 12, 13 show that the dependence of the energetic particle drive on the mode number may be modeled as follows: the drive grows linearly with n for k r E Ͻ1, k r being the radial wave vector and E the relevant orbit width among LE , dE , bE ; the drive is independent of n for k E Ͻ1Ͻk r E , k being the poloidal wave vector; the drive scales as (k E ) Ϫ3 for k E Ͼ1. The above discussion proves the importance of accounting for finite energetic particle orbits. Similarly, it is crucial to treat energetic particle dynamics nonperturbatively. In fact, recent analytical studies, which handle energeticparticle dynamics on the same footing as that of the core plasma, have demonstrated the existence of an energeticparticle ͑continuum͒ mode, 2, 13 or EPM for brevity. This mode does not correspond to any particular MHD normal mode and would not exist in the absence of the energeticparticle component. It is characterized by the typical frequencies of energetic particles, i.e. Ϸ(k ʈ ϩ p/qR)v ʈ E , k ʈ being the wave vector parallel to the magnetic field, qR the connection length, pϭϮ1 and v ʈ E the parallel particle veloca͒ Permanent address: Associazione EURATOM-ENEA sulla Fusione, C.P. 65-00044, Frascati, Rome, Italy. b͒ E-mail: liuchen@uci.edu ity; or Ϸ dE , bE , dE / bE being the precession/bounce frequencies of the trapped energetic particles. The energeticparticle continuum mode is somehow similar to negativeenergy beam plasma waves and is a close relative of the fishbone mode, 14 which exists close to the accumulation points of the frequency gap in the shear Alfvén continuum at the core-ion diamagnetic drift frequency.
In this paper, we examine the global stability properties of all the toroidal Alfvén modes mentioned so far, i.e. TAE, KTAE, and EPM. The above discussions indicate the necessity of including in a nonperturbative fashion fluid and kinetic core plasma effects along with energetic-particle dynamics and finite orbit widths. Furthermore, a complete twodimensional analysis is needed, since the radial eigenmode structure is expected to be crucial in determining the global stability property of all these modes in the high-n limit, as demonstrated for the case of TAEs. 9, 15 In Sec. II, the general theoretical approach is presented along with a discussion of its validity and possible extensions. The relevant mode equations are presented in Sec. III, where the general local dispersion function is also derived. Section IV is devoted to a discussion of toroidal Alfvén modes spectra. The local stability properties of the various branches are derived first. Corresponding global mode structures and radial mode widths are then discussed. In Sec. V, a brief summary is presented along with final remarks and conclusions. Finally, details of WKB ͑Wentzel-KramersBrillouin͒ analyses of radiative damping and nonperturbative treatment of energetic-particles dynamics are given in the two appendices.
II. THEORETICAL FORMULATION
In the present analysis, we refer to large aspect-ratio, axisymmetric toroidal plasma equilibria with shifted circular magnetic flux surfaces. Thus, given major and minor radii of the torus, R 0 and a, the inverse aspect ratio is ⑀ϭa/R 0 Ӷ1. Furthermore, for the sake of simplicity, we refer to a high-␤ ͑␤ϭ8 P/B 2 Ϸ⑀, P being the total plasma pressure and B the equilibrium magnetic field͒ ͑s,␣͒ model equilibrium, 16 which is entirely determined by the local equilibrium parameters s, the magnetic shear, and ␣ϭϪR 0 q 2 ␤Ј ͑q is the safety factor͒. As to the energetic-particle component, we assume that it is a significant fraction of the total plasma pressure, i.e. ␤ E ϷO͑␤͒, consistently with a nonperturbative approach, although it carries negligible inertia. We also concentrate on mode numbers such that k E Շ1Ͻk r E . This assumption does not cause any loss of generality, since this is the range of most unstable mode numbers. 2, 13 For k r E Ͻ1, the wellknown zero orbit width nonperturbative theory applies. 4 We adopt a toroidal coordinate system ͑r,,͒, where r is a radial-like flux variable, is a toroidal-angle variable chosen such that equilibrium magnetic field lines are straight ͓i.e., qϭq(r)͔, and a poloidal-angle variable chosen such that "-"r؋"/B 2 ϭ1/(rR 0 B 0 2 ), B 0 being the magnetic field on axis. The perturbed scalar potential, ␦, may be Fourier decomposed as ␦͑t;r,,͒ϭe
In the high-n limit, it is readily shown that the poloidal harmonics ␦ m (r) are characterized by two spatial scales: a short one, ϳ1/nqЈ, naturally ordered as the typical distance between neighboring rational surfaces; and a long one, typically of the same order of the equilibrium characteristic scales. The two scales are well separated, and this allows us to use WKB asymptotic techniques to solve the complete two-dimensional problem. 8, 9, 15 It has been shown that the poloidal harmonics may be written in the form
where ϵnq is a dimensionless radial ''flux'' coordinate. The shape function ͑,Ϫm͒, with its dependence on Ϫm, describes the fast radial variation of the different poloidal harmonics on the short scale 1/nqЈ. The shape function slightly changes from one poloidal harmonic to the next, due to the slow equilibrium variations. These slow changes are accounted for through the dependence of ͑,Ϫm͒ on the slow radial coordinate . 8, 9, 15 Slow equilibrium changes may also cause an amplitude modulation of the coupled poloidal harmonics. This is described by the radial envelope function A͑͒. The WKB expression for A͑͒ is given by 9, 15 A͑ ͒ϭ
where K is an arbitrary constant, k is the WKB phase, [17] [18] [19] related to the change in the local radial wave vector as ⌬k r ϭnqЈ k , and F(;, k ) is the local dispersion function. In Eq. ͑3͒, k ͑͒ is implicitly defined by the local dispersion relation F(;, k )ϭ0. When proper boundary conditions on the radial envelope function are applied, and the suitable connection formulas are used to analytically continue the WKB expression of A͑͒ through the existing turning points, the desired global mode structure, and global dispersion relations are obtained. 8, 9, 15 It is, therefore, appropriate to say that all the information needed for a two-dimensional analysis of high-n modes is contained in the local dispersion function F(;, k ).
This theoretical approach is more general than its application to a high-n two-dimensional stability analysis of toroidal Alfvén modes. Nevertheless, we shall use the present problem to illustrate how it is possible to proceed in general within this theoretical framework. Once the local dispersion function, F(;, k ), is known, the Stokes structure in the complex plane must be found. This is done by individuating the positions of the existing WKB turning points, ( T , kT ), implicitly defined by the condition 20 Proper connection formulas make it possible, at WKB turning points, to connect WKB solutions valid in different regions. When the WKB expressions of the radial envelope function are analytically continued through all turning points, and proper boundary conditions are applied, the desired global mode structure and global dispersion relation are determined.
In general, the number of turning points is not known. However, given the mode frequency, there is only one ''physical way'' to connect them, which is the one that is compatible with the Stokes structure. Therefore, anti-Stokes lines in the complex plane link the existing WKB turning points in ''pairs.'' For example, let us assume that N pairs of turning points are identified, using the Stokes diagram of the complex plane. Generally, N pairs of turning points correspond to N possible mode frequencies. In the high-n limit, to every pair of turning points there is a correspondent possible mode frequency. Each one is weakly modified by the others. This is due to the fact that, in the region of the plane separating one pair to the next, the considered mode is cut off ͓the radial envelope function A͑͒ is exponentially increasing/decreasing͔. The problem is similar to that of N weakly coupled oscillators. The normal modes correspond to the eigenmodes of the uncoupled oscillators to the lowest order. To the next order, each oscillator is shifted in frequency because of its coupling to the closest neighbors, and so on. Note that, in the nӷ1 asymptotic limit, the frequency shift is exponentially small.
Neglecting the coupling between different turning point pairs, it has been shown 9, 15 that the global mode dispersion relation for a turning point pair, ͑ 1 , k1 ͒ and ͑ 2 , k2 ͒ with R 1 ϽR 2 , reads as
where ⑀ T ϭ1 if k1 ϭ0, ⑀ T ϭϪ1 if k1 ϭ, k is the branch of k chosen such that 0рR k р, N is the radial mode number, and wϭ 1 2 ͑for k1 ϭ k2 ͒ or wϭ0 ͑for k1 k2 ͒. The corresponding radial envelope function A͑͒ is given in Refs. 9 and 15. Equation ͑5͒ can be straightforwardly generalized for N coupled turning point pairs. The same holds for the associated envelope function.
The present approach to two-dimensional ͑2-D͒ stability analyses is rather general and, therefore, it may be applied toward developing a high-n 2-D WKB numerical code for the study of toroidal Alfvén modes on ITER. Consequently, it is useful to quantify the error that the present approach introduces in estimating both radial envelope function and mode frequency. As to A͑͒, it is well known that WKB mode structures are accurate up to O͑1/M͒, where M is the number of nodes of the WKB eigenfunction. In the present case, M coincides with the number of poloidal harmonics in which the mode is decomposed, as in Eq. ͑1͒. We may estimate MӍ͉ 2 Ϫ 1 ͉, and, hence, the accuracy with which the radial envelope function is determined is O͑1/͉ 2 Ϫ 1 ͉͒. As to the mode frequency, , we have
͑6͒
It is well known that WKB eigenvalues are more precise than WKB eigenfunctions and, hence, aϾ0. In fact, one has 1уaϾ0. 
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III. GENERAL FORM OF THE LOCAL DISPERSION FUNCTION
Here, ⌽ ϭp 22, 23 or, if properly modeled, also the usual Landau collisionless dissipation. Typically, the most important dissipation mechanism related to the electron dynamics is the trapped electron collisional damping. 23 Therefore, for ␦ we use the following form:
͑9͒
Here,
with ln ⌳ being the Coulomb logarithm. The summation in Eq. ͑8͒ is over the species and accounts for the wave-particle energy exchanges via the particles magnetic drifts. Hence, it includes the energetic particles drive and electron and ion ''drift''-Landau damping. Note that J 0 is the Bessel function of the first kind and zero index, with argument j ϭk
where t ϭv ʈ /qR is the transit frequency,
/2, and * j F 0 j ϭ(m j c/e j B)͑k؋e ʈ ͒-"F 0 j . Equations ͑8͒, with homogeneous boundary conditions, and ͑10͒, with causality constraints, define a well-posed integrodifferential problem, leading to the desired general form of the local dispersion function. It is clear that, in general, such a system requires numerical solutions. Nevertheless, significant analytic progresses can be made 9, 13, 15 by exploiting the following two small parameters in Eq. ͑8͒: ⑀ 0 , which is small because of the large aspect-ratio assumption; and
, which is small due to the smallness of finite Larmor radius effects of the core plasma. Notwithstanding that, in a realistic plasma equilibrium, these parameters may not be that small, we may still expect that our approach, which maintains the nonperturbative description of the energetic-particle component and is capable of a twodimensional stability analysis, would, at least, give the correct qualitative physics.
The existence of a smallness parameter ⑀ 0 causes the function ⌽ ͑,͒ to have two characteristic scales of variation in the variable : Ϸ1 and Ϸ1/⑀ 0 . Recalling that is the Fourier conjugate coordinate to Ϫm, cf. Eq. ͑7͒; hence we derive that the ''fast'' radial variation of the various poloidal harmonics is further subdivided into two-scale-length structures:
2 ⌬ I Ϸ1/nqЈ in the ''ideal'' region, corresponding to the distance between neighboring rational surfaces, and ⌬ S Ϸ⑀ 0 /nqЈ in the ''gap'' region, where toroidal coupling is effective and causes a forbidden frequency gap to exist in the local shear Alfvén continuum. The most unstable modes have k E Ϸ E /⌬ I Շ1, and, hence, energetic particles do not contribute to the mode dynamics in the gap region, where E /⌬ S ӷ1. This is equivalent to say that energetic particles may be neglected in Eq. ͑8͒ for Ϸ1/⑀ 0 . 2, 13 With these considerations in mind, we can solve Eq. ͑8͒ using the approach of Ref. 9 as a guideline. For convenience, let ЈϵϪ k . In the ''external'' region ͉sЈ͉ ӷMax͑1,␣,1/͉k E ͉͒, Eq. ͑8͒ may be rewritten as
͑11͒
Here, and from now on, the prime on Ј has been dropped, and the summation is extended only to core plasma ions and electrons. Note also that finite Larmor radius contributions do not appear in the summation, since they are accounted for by the Ϸ K 2 term. Using the fact that ⍀ 2 Ϫ 1 4 Ϸ⑀ 0 for toroidal Alfvén modes, Eq. ͑11͒ may be solved with a two-scale asymptotic analysis by letting
where A͑͒ and B͑͒ vary on the scale Ϸ1/⑀ 0 . The integrodifferential problem, given by Eqs. ͑10͒ and ͑11͒, is then reduced to a coupled set of ordinary differential equations for A͑͒ and B͑͒ by direct substitution of Eq. ͑12͒ and averaging over the fast scale Ϸ1. 4 This leads to
͑17͒
Note that the core plasma finite Larmor-radius effects appear in Eq. ͑13͒ through the parameter ⌬ K . The magnitude of ⌬ K indicates the relative importance of kinetic and fluid ͑tor-oidicity͒ effects in determining the regular mode structure of the various poloidal harmonics in the gap region. 8 Typically, one finds ⌬ K Շ1. The effect of the mode resonances with the core plasma particles is accounted for by the Ϸ␤ 1 and Ϸ␤ 2 terms. 4 Equations ͑13͒ may be solved for positive and negative x values either numerically or analytically with a WKB approach for ⌬ K Շ1 ͑cf. Appendix A͒.
Let us denote the formal ''external'' region solutions as
where ͑Ϯ͒ refers to the sign of . In the ''internal'' region ͉⑀ 0 ͉Ӷ1⇒͉x͉Ӷ1, O͑⑀ 0 ͒ terms ͑and, thus, also the Ϸs 2 K 2 terms͒ are negligible. The corresponding solution, ⌽ I , then satisfies
͑18͒
Here, p͑͒ϭ1ϩ͓sϪ␣ sin͑ϩ k ͔͒ 2 and the summation is extended to all energetic-particles species.
In the overlapping interval between ''internal'' and ''external'' regions, ⌽ I must asymptotically match ⌽ E . Here, Eq. ͑18͒ clearly has two independent general integrals, whose asymptotic behaviors are cos͑/2͒ and sin͑/2͒. 9 Now, let ⌽ c (Ϯ) (, k ,0) and ⌽ c (Ϯ) Ј(, k ,0) be, respectively, the value and the first derivative, both at ϭ0, of the solution that asymptotically matches onto Ϸcos͑/2͒. Here, the parametric dependence on equilibrium quantities ͑through the slow radial variable ͒ and on the WKB phase has been recalled. Correspondingly, we define ⌽ s (Ϯ) (, k ,0) and ⌽ s (Ϯ) Ј(, k ,0) for the asymptotic solution Ϸsin͑/2͒. Due to the symmetry of Eqs. ͑10͒ and ͑18͒ under the generalized parity transformation ͑→Ϫ; k →Ϫ k ; t →Ϫ t ͒, we have
Using these results, it is easily shown that the internal solutions of Eqs. ͑10͒ and ͑18͒, which asymptotically match those of Eq. ͑11͒, assume the following form at ϭ0:
The matching condition at ϭ0 between solutions at positive and negative leads to the local dispersion relation of toroidal Alfvén modes:
where
. Note that Eq. ͑23͒ is formally identical to Eq. ͑53͒ of Ref. 9 , with the crucial difference that now the functions defined in Eq. ͑23͒ are obtained from the solutions of Eq. ͑18͒, which fully retains energeticparticles effects. In a sense, we could say that Eq. ͑21͒ is the kinetic generalization of the analogous given in Ref. 9 . This explains the choice of the subscripts K of the functions
Similar considerations also hold for the functions F 1 ,F 2 ,F 3 , defined by Eq. ͑22͒. In Ref. 9, expressions were given for F 1 , F 2 , F 3 in the TAE case, yielding
In the general case, these functions are computed from the solutions of Eq. ͑13͒ ͑cf. Appendix A͒ summarized in Eqs. ͑A20͒-͑A23͒. The general expressions for F 1 , F 2 , F 3 , thus obtained, contain the coupling of toroidal Alfvén modes with kinetic Alfvén waves, including the so-called radiative damping ͓cf. Appendix A, discussion following Eq. ͑A23͔͒. In the ''ideal'' limit, ⌬ K →0, the same expressions reduce to those previously derived for TAE modes. 9, 15 Equation ͑18͒, meanwhile, is solved in Appendix B, treating energetic-particles dynamics nonperturbatively and considering the effects of finite orbit size. Such analysis yields the following expressions for the functions
where ⌽ f ,c , ⌽ f ,c , etc., are obtained from the solutions of Eq. ͑18͒ when the energetic-particle contribution is neglected ͑cf. 
, b is the bounce angle for trapped particles and
. Furthermore, a summation on all energetic particles species is implicitly assumed.
Equations ͑B14͒ and ͑B15͒ give the contribution of circulating energetic particles to the mode dynamics. They describe the well-known wave-particle resonances at v ʈ ϭv A and v ʈ ϭv A /3. The term ␦W K,u may be interpreted as the circulating particles contribution to the potential energy. 2 The analogous ␦U K,u term has a similar interpretation, with the difference that it is vanishing for particles distribution functions symmetric in v ʈ . Equation ͑B20͒ gives the effect of trapped energetic particles. It describes the mode resonance with the toroidal precession rate of the banana orbits d and with the bounce motion of trapped particles between magnetic mirror points at rate b . Only the first bounceresonance harmonic has been considered here, since higher resonances occur at higher mode frequencies and are usually negligible. 2, 12 Furthermore, from Eqs. ͑B14͒, ͑B15͒, and ͑B20͒, it is possible to infer the anticipated behavior of the mode growth rate versus the mode number ͑cf. the Introduction͒, i.e., that the drive is independent on n for k E Ͻ1Ͻk r E , in that it scales as (k E ) Ϫ3 for k E Ͼ1. 2, 12 This dependence of the mode drive on the mode number is schematically sketched in Fig. 1 . Equations ͑B14͒, ͑B15͒, and ͑B20͒ account for behaviors of the type given by solid lines. The dashed line shows the linear dependence on the mode number ͑note that the horizontal scale is logarithmic͒, expected from well-known nonperturbative zero orbitwidth theories. 4 Note that these latter theories can be recovered in the present analysis by simply taking ␦U K,u ϭ␦W K,u ϭ␦W K,T ϭ0 and including the energetic-particles contribution in the definitions of ␤ 1 and ␤ 2 ; Eqs. ͑16͒ and ͑17͒. A realistic dependence of the mode drive on the mode number is obtained smoothly connecting dashed and solid lines at their intersection point. In Fig. 1 , the case of two modes with same k and different k r is shown. The ratio between maximum modes drive is Ϸk r2 /k r1 , showing that smaller wavelengths correspond to weaker mode drive, as expected from qualitative considerations on orbit averaging effects ͑cf. the Introduction͒. Substituting Eq. ͑B21͒ into Eq. ͑21͒, we obtain the desired general form of the local dispersion function for toroidal Alfvén modes:
embraces, in a nonperturbative way, equilibrium fluid and kinetic core-plasma effects as well as energetic-particle dynamics with finite orbit widths. For this reason, it may be viewed as a unified description of TAEs, KTAEs, and toroidal Alfvén EPMs. However, at the same time, it is difficult to handle analytically for a full twodimensional global stability analysis, which uses Eq. ͑5͒ to derive mode frequency and radial envelope function. For this reason, a numerical code is currently being developed, which determines the ''Stokes structure'' in the complex plane associated with the local dispersion function of Eq. ͑25͒, and then solves Eq. ͑5͒, for the radial mode structures and frequencies. Due to the asymptotic expansion in ⑀ 0 employed in the derivation of Eq. ͑25͒, the error on the WKB estimate of the mode frequency will no longer be given by Eq. ͑6͒, but by
͑26͒
Furthermore, the ͑s,␣͒ model equilibrium employed so far will limit the global stability analysis to circular equilibria; a good assumption for the Tokamak Fusion Test Reactor 25 ͑TFTR͒, but not for ITER. However, the numerical code, currently being developed, is applicable to any local dispersion function F(;, k ). Thus, it will be possible to extend the two-dimensional mode stability analysis to more realistic low aspect-ratio shaped equilibria, by replacing Eq. ͑25͒ with a more general one, derived with the assumptions of ͑s,␣͒ model equilibrium and ⑀ 0 Ӷ1 relaxed. In any case, it may be expected that a global stability analysis carried out with the use of Eq. ͑25͒ will qualitatively outline a reasonable scenario for toroidal Alfvén modes; since Eq. ͑25͒ includes all the relevant physics in a nonperturbative fashion.
IV. TOROIDAL ALFVÉ N MODES SPECTRUM
Local and global stability properties of toroidal Alfvén modes emerge already from analytical studies of simple limits of Eq. ͑25͒. 2, 13 In this simplified analysis, let us consider one energetic-particle species only, with a slowing down equilibrium distribution function, symmetric in v ʈ and with fixed pitch angle. Neglecting the Landau damping due to the energetic ions and considering just circulating particles, it is possible to show that ␦U K,u ϭ␦W K,T ϭ0 and 2,12
ͪͬ ,
͑27͒
where ␣ E ϭ ϪR 0 q 2 ␤ E Ј and tm is the transit frequency at the maximum particle energy. Equation ͑27͒ is independent on the mode number, as expected for k E Շ1Ͻk r E , and describes the resonant mode interaction with energetic ions at Ӎ tm /2 and Ӎ3 tm /2. In the following, we present local and global stability analyses for toroidal Alfvén modes with energetic-particles dynamics accounted for by ␦W K,u , as given in Eq. ͑27͒.
A. Local stability analysis for sӶ1
It is known that the small magnetic shear limit is almost nondispersive. 9, 15 More precisely, for sӶ1 the k dependence of the local dispersion function is Ϸexp͑Ϫ1/s͒. The small magnetic shear limit is then ideal to qualitatively perform local stability analyses based on Eq. ͑25͒. For sӶ1, we have 9, 15 Z f Ϸ1, G f Ӎs/4, and H f cos k ϩL f sin k Ϸ(s/4)(␣/␣ c ), with ␣ c Ӎs 2 /(1ϩs). Assuming the optimal ordering ␦W K,u Ϸs, we find, noting Eq. ͑22͒, two possible roots of the local dispersion relation, Eq. ͑25͒;
ͪͬ .
͑29͒
The value of A ͑ϩ͒ ͑0͒ and B ͑ϩ͒ ͑0͒ is given by Eqs. ͑A20͒-͑A23͒, depending on the considered mode frequency. We may consider two physically interesting limits; first ͉a͉→ϱ, 26 and then aϷ1, 27 where
Toroidal Alfvé n eigenmodes: TAE
Assuming ͉a͉→ϱ; i.e., when the finite-⌬ K kinetic effects are ignored; it can be readily shown that Eqs. 
within the frequency gap. Note that necessary and sufficient condition for Eq. ͑30͒ to have solutions is that the ''causality constraint'' R[B (ϩ) (0)/A (ϩ) (0)]Ͼ0 is satisfied. 2, 4 Assuming that energetic particles response is not too strong, we see that causality constraints require ␣Ͻ␣ c for Eq. ͑30͒. Equation ͑29͒, meanwhile, would not be compatible with the causality requirements in the weak energetic-particle drive limit.
For ␣Ͻ␣ c , Eq. ͑30͒ is the well-known TAE local dispersion relation in the small shear limit, 5 with the additional contribution of energetic particles with finite orbit widths. The corresponding mode structure along magnetic field lines is even 5 ͓since B ͑ϩ͒ ͑0͒Ӎ0͔. The odd mode ͓for A ͑ϩ͒ ͑0͒Ӎ0͔ corresponds to Eq. ͑29͒ and, thus, violates the causality constraint. Consequently, no odd TAE modes exist within the toroidal frequency gap in the small shear limit. 5 From Eq. ͑30͒, the real mode frequency and growth rate of TAE modes for sӶ1 and ␣Ͻ␣ c are expressed as follows:
͑32͒
For ␣Ͼ␣ c , it has been shown that TAEs merge into the lower Alfvén continuum. 
Energetic-particle continuum modes: EPM
Equation ͑28͒ for ␣Ͼ␣ c and Eq. ͑29͒ violate causality only within the toroidal frequency gap. In the Alfvén continuum, 
͑34͒
Note that the even EPM branch, characterized by B ͑ϩ͒ ͑0͒Ӎ0, must have ⌫ ϩ Ӎ0, i.e. ͑ r / A ͒ 2 Ӎ͑1Ϫ⑀ 0 ͒/4, as it may be readily seen from Eq. ͑15͒ by neglecting O͑␤ 1 ͒ terms. The even EPM branch is, hence, located close to the lower shear Alfvén continuum accumulation point. Analogously, one can show that the odd EPM branch ͓A ͑ϩ͒ ͑0͒Ӎ0͔ has ⌫ Ϫ Ӎ0, i.e. ͑ r / A ͒ 2 Ӎ͑1ϩ⑀ 0 ͒/4, and that it is located close to the upper shear Alfvén continuum accumulation point. Therefore, a clear difference between the two EPM branches is that the even branch is located in the lower shear Alfvén continuum, while the odd one naturally appears in the upper. Note, also, that R ␦W K,u Ͼ0 for the even mode, while R ␦W K,u Ͻ0 for the odd mode, which means that opposite parity EPMs may not exist simultaneously. From Eq. ͑27͒, we know that R ␦W K,u Ͼ0 for tm տ2 r and R ␦W K,u Ͻ0 for tm Ͻ2 r ͑cf. Fig. 2͒ . Thus, we see that the odd EPM may be excited
for the even branch, and by
for the odd branch. Comparing Eq. ͑32͒ with Eqs. ͑35͒ and ͑36͒, we note that there is a crucial difference between the EPM and the usual TAE branches. TAEs are nearly thresholdless instabilities, while EPMs have instability thresholds due to the finite continuum damping. The threshold condition is
where v( r )ϭ ͱ ⌫ ϩ /⌫ Ϫ ͉ r for the even branch and v( r ) ϭ ͱ ⌫ Ϫ /⌫ ϩ ͉ r for the odd branch. Since the energetic particles drive due to the Ӎ3 tm /2 resonance is Ϸ 1 3 smaller than that occurring at Ӎ tm /2 ͓cf. Eq. ͑27͔͒, we may conclude that efficient drive requires tm տ2 ͑cf. Fig. 2͒ . Furthermore, noting that usual experimental scenarios are characterized by energetic-particles transit frequencies tm Ͼ A , we anticipate that the odd EPM branch in the upper Alfvén continuum should be preferentially observed. Excitation of the even EPM in the lower continuum would require A Ͼ tm տ2 and ␣տ␣ c . The above discussion stresses the importance of the parameter tm / A in determining whether the EPM is excited in the lower ͑even branch͒ or in the upper ͑odd branch͒ shear Alfvén continuous spectrum. The same parameter also determines the strength of energetic-particles drive. Therefore, this parameter is just as important as the threshold condition Eq. ͑37͒ in determining the stability properties of EPMs.
Kinetic toroidal Alfvé n eigenmodes: KTAE
Let us now discuss the ͉a͉Ϸ1 limit, where the coreplasma kinetic effects play a crucial role. Since kinetic Alfvén branches are known to occur in the continuum frequency range, we consider lower and upper continuum branches separately.
Close to the lower continuum accumulation point, ͉⌫ ϩ ͉Ͻ1, a Ӎ ⌫ ϩ /ͱϪ2⌬ K and ͑cf. Appendix A͒
.
͑38͒
The even KTAE branch ͓B ͑ϩ͒ ͑0͒Ӎ0͔ dispersion relation is obtained noting Eq. ͑28͒; 
where N is the mode quantum number. For the odd KTAE branch, one similarly obtains, noting Eq. ͑29͒,
Note that, in the small shear limit, even mode structures in the lower continuum tend to be more influenced by energetic particles than odd mode structures ͉͑⌬ K ͉Ͻ1 is assumed; cf., also, Appendix A͒, although modes of both parities remain strongly stable. In order to recognize this, notice that Eqs. ͑39͒ and ͑40͒, respectively, give, to the lowest order,
2 ). The remaining terms in Eqs. ͑39͒ and ͑40͒ may be obtained to the next order in a perturbative solution of Eqs. ͑28͒ and ͑29͒, respectively. The perturbative approach clearly breaks down when the corrective terms in curly brackets become of order unity. From Eq. ͑39͒, this occurs, for even lower KTAE, when
Here, the Stirling expansion of factorials has been used, together with the estimate ͉⌫ ϩ ͉ϷN͉⌬ K ͉ 1/2 . From Eq. ͑40͒, the breakdown of the perturbative approach occurs, for odd lower KTAE, when
͑42͒
Since ͉⌫ ϩ ͉Ͻ1 close to the lower continuum accumulation point, Eqs. ͑41͒ and ͑42͒ confirm that, in the small shear limit, even lower KTAEs are more influenced by energetic particles than the odd modes. It is also worth to point out that, from Eq. ͑41͒, the even EPM branch Eq. ͑33͒, is expected to emerge from the even lower KTAE spectrum for sufficiently strong energetic-particles drive. In fact, recalling that ͉⌫ Ϫ ͉Ӎ2 close to the lower continuum accumulation point, the condition for breakdown of the perturbative approach to the lower KTAE spectrum, expressed in Eq. ͑41͒, is the same as that for the excitation of the even EPM; given by Eq. ͑35͒. This result is not surprising, since, as the growth rate due to energetic particle drive is strong enough to be comparable with the characteristic frequency difference between KTAE modes, the discrete kinetic spectrum behaves as a continuum and, thus, the physics involved in the EPM excitation must be recovered. Equations ͑41͒ and ͑42͒ also suggest how the ideal MHD limit can be rigorously obtained from the kinetic approach, i.e., ⌬ K →0, but N⌬ K 1/2 ϭi⌫ ϩ /2&ϭconst. In the upper continuum, close to the accumulation point, we have ͉⌫ Ϫ ͉Ͻ1, a Ӎ Ϫ⌫ Ϫ /ͱ2⌬ K and ͑cf. Appendix A͒
with RaϽ0. The even upper KTAE branch dispersion relation is obtained, noting Eq. ͑28͒,
͑44͒
while the odd branch is found to satisfy
͑45͒
Note that, the order in which the even and odd modes appear with respect to the quantum number, is opposite to that of the lower KTAE. Similarly, odd upper KTAEs are now more strongly affected by energetic particles than even modes ͑in fact, they are more strongly driven͒. Finally, also in the upper continuum, it is possible to establish some relationship between odd KTAE modes and the odd EPM branch, Eq. ͑34͒. More precisely, for increasing the mode drive, we expect the odd EPM to emerge from the odd upper KTAE spectrum. This is clearly shown in Fig. 3 , where Eq. ͑25͒ is solved numerically for real mode frequencies and growth rates of an even ͑open squares͒ and an odd ͑crosses͒ upper KTAE mode versus ␣ E . Numerical solutions for the odd EPM ͑open circles͒ are also obtained neglecting kinetic effects. The existence of an EPM threshold, due to continuum damping, is evident, as well as the merging of the odd KTAE into the EPM branch above the threshold. Clearly, odd KTAE and EPM cannot, in general, be considered separately. The physically relevant branch is the KTAE/EPM mode, obtained with a smooth connection of crosses and open circles. Equations ͑39͒ and ͑45͒, which give the most unstable, respectively, lower and upper KTAE modes, may be compared to the local dispersion relation of TAE modes, Eq. ͑32͒, to emphasize that the typical ratio between KTAE and TAE mode drive is ␥ KTAE /␥ TAE Ϸ͉⌬ K ͉ 1/4 . Recalling that k r,TAE /k r,KTAE Ϸ͉ ⌬ K ͉ 1/4 as well, 8 we obtain ␥ KTAE /␥ TAE Ϸ k r,TAE /k r,KTAE , consistently with the schematic view of finite orbit-width effects on the mode drive, sketched in Fig.  1 .
The analysis, carried out so far, gives a reasonable qualitative picture of local toroidal Alfvén modes spectra. However, while the relevant branches are identified, it remains difficult to make general statements on the local stability of these modes. For example, given typical values of ⌬ K such that ͉T⌬ K ͉Ͻ͉R⌬ K ͉, the upper KTAE branch is characterized by an exponentially small radiative damping ͓cf. Appendix A and Eq. ͑45͔͒ and may be driven unstable by energetic particles. This mode could also be more unstable than the TAE mode itself, 8,9,13 if ITER-like parameters are considered, where ␣Ͼ␣ c is readily attained and TAEs merge into the more damped lower KTAE branch. 8, 9 On the other hand, for sufficiently high energetic-particle pressure gradients, the EPM could be excited as well, and, conceivably, be more unstable than the upper KTAE branch, as shown in Fig. 3 . Therefore, to ascertain the precise stability properties, more detailed numerical studies are needed; based either on Eq. ͑25͒ for large aspect-ratio circular equilibria or on its generalization to medium aspect-ratio shaped plasmas.
Nevertheless, the understanding of local toroidal Alfvén modes stability properties, obtained so far, allows us, at least, to envision the following most unstable scenarios. If proper conditions are met; i.e. ␣Ͻ␣ c (s) ͑or, equivalently, the TAE branch well localized within the frequency gap͒, 9 the TAE branch is always the most unstable. When the TAE mode is suppressed into the Alfvén continuum by some choice of equilibrium profiles, e.g. ␣Ͼ␣ c (s) etc., 8, 9 strong instability is expected to occur only if the EPM is excited above the threshold given in Eq. ͑37͒. The proper KTAE branch becomes the most important one only if the TAE is strongly stabilized by continuum damping and the EPM excitation threshold is not exceeded. However, the KTAE branch is never strongly unstable; recalling that a strongly driven KTAE merges into the EPM branch. Therefore, linear theory suggests that the most unstable modes to be avoided are TAEs ͓by experimentally acting on the plasma equilibrium; e.g. by making ␣Ͼ␣ c (s)͔, and EPMs ͓by preventing the threshold condition Eq. ͑37͒ to be fulfilled͔. That ideal modes are the most dangerous ones and those to be controlled, if possible, in actual experiments is not surprising. If this can be done, moderately unstable/stable KTAE kinetic modes will remain, the details of which, however, need to be determined numerically.
B. Global toroidal Alfvé n mode structures
In Sec. IV A, the nondispersive small shear limit is used to discuss local stability of toroidal Alfvén modes. Mode structures along field lines are analyzed and modes are classified according to mode parities in space. For TAE modes this is known to be strictly valid only in the nondispersive ͑negligible k dependence͒ small shear limit. For higher shear values, i.e. when F(;, k ) becomes dispersive, only mixed parity modes exist. 9, 15 This point can be clearly seen from Eq. ͑12͒; where a shift of in the WKB phase k exchanges the role of the functions A͑͒ and B͑͒. In the following, we will show that the same occurs for all toroidal Alfvén modes; which implies that, contrary to usual practices, simple local stability analyses may be applied neither to energetic-particles continuum modes nor to KTAE modes.
In the following discussions, we shall assume ␣ϭ0 and sӷ1, which corresponds to a simple limit of the local dispersion function with, however, the strong nonlocal dispersive effects ͑i.e., the k dependencies͒ fully retained. 9 In this limit,
3 ), and L f ϭ0. Using the definitions of F 1 , F 2 , and F 3 as given by Eq. ͑22͒, we find, from Eq. ͑25͒,
as possible roots of the local dispersion relation. At k ϭ0 and k ϭ, Eq. ͑46͒ gives the position of WKB turning points as a function of the mode frequency and the local equilibrium parameters. Concentrating first on the usual TAE branch, Eq. ͑46͒ allows us to briefly recall some previously derived results. 9, 15 Assuming, for convenience, R ␦W K,u Ͻ0 ͑cf. Fig. 2͒ and . In ͑b͒ the values of R⌫ ϩ are shown versus ␣ E for the same parameters used in ͑a͒.
at k ϭ. Assuming that the main equilibrium variations in the local dispersion function are due to the radial dependence of the Alfvén frequency A , one readily derives the turning point positions at k ϭ0,
and at k ϭ,
Here, U and L are the radial positions of the upper and lower accumulation points of the shear Alfvén continuum at the given mode frequency,
, and r 0 is the radial position around which the TAE mode is localized. Furthermore, noting Eq. ͑15͒, we have used the expansions
valid close to, respectively, the lower and upper continuum accumulation points. The radial extent of the mode is ͉⌬͉Ӎ͉ U Ϫ L ͉Ӎnqs⑀ 0 ͑L A /r 0 ͒, corresponding to ͉⌬r͉ Ӎ⑀ 0 L A . Thus, high-n TAE modes are localized, ͉⌬r͉Ͻa, but their mode width does not decrease with n, 9,15 making it necessary to treat them with a fully two-dimensional approach as that presented here. The global TAE dispersion relation is obtained from Eq. ͑5͒ in the form of a quantization condition. 9, 15 Now, let us focus on the upper KTAE branch. From Eq. ͑46͒ at k ϭ0, we get two possible roots for
, respectively, for the lower or upper sign choice. Close to the accumulation point, we have ͉⌫ Ϫ ͉Ͻ1 and aӍϪ⌫ Ϫ /ͱ2⌬ K . Moreover, A (ϩ) (0)/B (ϩ) (0) has the form given in Eq. ͑43͒. Thus, recalling Eq. ͑51͒ and following the same steps leading to Eq. ͑45͒, we obtain two infinite series of WKB turning points at
Here, ␥ϵ␥ϩi r ͑⑀ 0 /2͒␤ 1 . Similarly, at k ϭ we obtain
Note that these infinite sequences of WKB turning points are the discretized reminiscence of the Alfvén continuous spectrum, which reveals its granular structure when observed with a resolution capable to detect kinetic effects. Furthermore, this is a clear example of the kind of ''Stokes structures'' we may expect to find when the local dispersion function, Eq. ͑25͒, is used to make two-dimensional stability analyses of toroidal Alfvén modes. The most important thing to emphasize, however, is related to the characteristic upper KTAE mode structures we may predict from Eqs. ͑52͒ and ͑53͒. In the typical case of R ␦W K,u Ͻ0 ͑cf. Fig. 2͒ , one can readily see that we have infinite pairs of turning points physically connected as
Thus, the infinite sequence of turning points is connected in pairs k ϭ͑0,͒, k ϭ͑,0͒, etc. In general, to each pair there is a corresponding possible global KTAE mode. In the case ͉T⌬ K ͉Ӷ͉R⌬ K ͉, many of these modes are weakly damped and easy to destabilize. The problem of global mode structures due to finite coupling between different turning point pairs is definitely worth being studied in detail ͑cf. Sec. II͒, but it requires the numerical solution of the local dispersion relation, Eq. ͑25͒, and of the generalization of Eq. ͑5͒ to many WKB turning points. However, we may draw interesting conclusions on global KTAE mode structures, even from the simple limit, in which the various turning point pairs are assumed to be uncoupled ͑recalling that, in the high-n limit, the coupling between different turning point pairs is exponentially small͒. The typical radial extent of the KTAE mode corresponding to a single pair is, e.g., ͉⌬͉ Ӎ͉ T (1) (N)
Therefore, we see that KTAE modes are indeed localized oscillations in the sense ͉⌬r͉Ͻa, but they may be rather extended. Their mode structure along magnetic field lines does not have an assigned parity ͑since k varies between 0 and ͒, and their frequency cannot be determined from local theories ͑except in the small shear limit͒. Thus, the use of the global quantization condition, Eq. ͑5͒, is also required to evaluate the high-n KTAE frequency spectra. Clearly, the WKB analysis remains correct as long as nqs⑀ 0 ͱ⌬ K ӷ 1 ͓cf. Eq. ͑6͔͒. When nqs⑀ 0 ͱ⌬ K Ӎ 1, the WKB approach fails; indicating that only two poloidal harmonics are effectively coupled at a local gap position. In this particular case, local theories may be applied.
The analysis on the upper KTAE spectrum can be repeated for the lower KTAE branch, yielding similar results. The only significant difference regards the mode stability; the lower KTAE mode being generally more stable than the upper, as already noted in the discussions on local mode stability.
Consider, now, the energetic particle continuum mode. More precisely, we shall refer to the EPM branch excited in the upper continuum. Note that, earlier in this section, the TAE excitation due the ϳ tm /2 resonance was studied under the R ␦W K,u Ͻ0 assumption. We should, then, discuss under which conditions the upper EPM, rather than the TAE mode, is resonantly excited by energetic particles.
In fact, strong TAE excitation ͑cf. Fig. 2͒ requires R ␦W K,u Ͻ0, i.e. tm տ2 r , and, at the same time, that r falls within the frequency gap. This condition can be satisfied when tm is made just slightly bigger than A , i.e., A ͑1ϩ⑀ 0 /2͒Ͼ tm Ͼ A . If the fast particle energy is further increased, tm Ͼ A ͑1ϩ⑀ 0 /2͒, R ␦W K,u Ͼ0 at the upper continuum accumulation point, and R ␦W K,u ranges from positive to negative values in the upper shear Alfvén continuous spectrum. In this case, it is conceivable that the EPM may be the most unstable mode. This is the case that will be analyzed in the following. Here, it may be worthwhile emphasizing again the importance of tm / A in determining which is the most unstable excited Alfvén branch.
Assume 1Ϸ͉␦W K,u ͉ӷ(1/s), such that the mode excitation threshold is exceeded ͓cf. Eq. ͑37͔͒. Moreover, let us expand Eq. ͑46͒ as follows:
͑54͒
Of the two possible roots of the previous equation, we will refer, for simplicity, to that corresponding to the upper sign choice. This will allow us to analytically perform a complete two-dimensional study of EPM mode structures and global stability. The lower sign choice, on the contrary, requires a numerical approach to the same problem. Recalling that, in the upper continuum,
that equilibrium changes are essentially given by A variations, due to the narrowness of the frequency gap, Eq. ͑54͒ then becomes
͑55͒
Here, O͑␤ 1 ͒ terms are dropped, 0 ϭnq(r 0 ), r 0 is the position around which the EPM is localized, and v 0 ( r ) ϵ ͱ ⌫ Ϫ /⌫ ϩ ͉ r , 0 is the value of continuum damping at 0 .
All other equilibrium-dependent quantities, e.g., ⍀, ⌫ ϩ , ␦W K,u , etc., are also evaluated at 0 .
Equation ͑55͒ readily gives some information on the typical radial extent of energetic-particle continuum modes. In fact, optimal ordering considerations and consistency requirements of the adopted expansions about 0 lead to
with v 0 ϷT ␦W K,u Ͻ1. As a consequence, we observe that a strongly driven EPM ͑␥/ r ϷT ␦W K,u ͒ is characterized by
To proceed further, let us operate with ͑1/͒ ͐ 0 d k on both sides of Eq. ͑55͒. Taking into account the global quantization condition Eq. ͑5͒, we then obtain the following global dispersion relation for energetic-particles continuum modes:
͑57͒
Global growth rates and mode frequencies are given, respectively, by the first and the second of the above equations. Note that the global EPM growth rate is given in a form similar to that of Eqs. ͑35͒ and ͑36͒. Specifically, the growth rate results from the competition between mode drive and continuum damping, which, in the present case, is a function of the radial mode number N . The global threshold condition,
defines the spectrum of unstable mode numbers. As N increases, the real mode frequency moves farther into the upper shear Alfvén continuum and the EPM becomes more damped. These considerations, along with Eq. ͑56͒, lead to the conclusion that the EPM localization is determined by the resonance condition with energetic-particles characteristic frequency, to make T ␦W K,u as high as possible ͑cf. Fig. 2͒ , and by the magnitude of mode drive and continuum damping. Furthermore, Eq. ͑57͒ helps us to clarify the difference between energetic-particle continuum modes and usual eigenmodes of the bulk plasma. In fact, the global EPM dispersion relation determines global growth rates and mode frequencies. However, the EPM spectrum crucially depends on energetic-particles characteristic quantities, as tm and ␣ E , due to the resonant nature of ␦W K,u . That these quantities can be time and/or spatially varying, shows how the EPM spectrum is a true continuum, unlike the other toroidal Alfvén modes spectra, which are determined by the core plasma dynamics.
In this section, we have presented a systematic discussion of typical radial mode structures of toroidal Alfvén modes. The assumption that different pairs of WKB turning points in the complex plane correspond to distinct global modes in the high-n limit has been generally used. However, it has been emphasized that a relevant problem for realistic stability analyses is studying finite coupling effects between different turning points pairs. To this regard, the specific example of the KTAE spectrum was made, but it is also worth noticing that the precise nonperturbative determination of TAE continuum damping belongs to the same category of problems. In fact, TAE continuum damping is the manifestation of finite coupling between TAE turning points and the infinite sequence of pairs belonging to the KTAE spectrum, Eqs. ͑52͒ and ͑53͒. The reason of this is due to the TAE growth rate, which is typically larger than the frequency difference between KTAE modes. Thus, TAE modes see the KTAE spectrum as a continuum ͓cf. the discussion after Eq. ͑42͔͒, which enhances their damping rate, even when the upper KTAEs are nearly undamped. The problem of finite TAE/KTAE coupling may be studied analytically, using a perturbative approach to solve the generalization of Eq. ͑5͒ to many turning points. Doing this exercise leads to a rederivation of the results given in Ref. 9 . The solution of the complete nonperturbative problem, instead, requires a numerical approach. Results of such a study could quantitatively demonstrate the transition from a weak coupling regime between TAE and KTAE to a strong coupling regime, predicted in Ref. 9 and corresponding to a transition from ␣Ͻ␣ c to ␣Ͼ␣ c .
V. DISCUSSION AND CONCLUSIONS
In this paper, we have presented a theoretical approach to two-dimensional stability analyses of high-n modes in axisymmetric plasmas. The general framework is the same as that discussed in Ref. 9 . Here, it has been further emphasized that the present approach is rather general and that it may be applied not only to the study of high-n toroidal Alfvén modes, but also to high-n stability analyses of, e.g., drift waves and ion temperature gradient-driven modes ͑ITG͒. Moreover, we have attempted to show how such an analysis is not restricted to examine mode structures corresponding to a single WKB turning points pair. In general, cf. Sec. II, a complicated ''Stokes structure'' of the complex plane may be envisaged, in which a precise choice can be made to connect the various WKB turning points in ''physically'' linked pairs. Solving this global boundary value problem leads to a global dispersion relation, which generalizes the quantization condition of Eq. ͑5͒. It has been pointed out that the general problem, with N pairs of WKB turning points, corresponds to that of N coupled oscillators, and that the possible global modes correspond to the ''normal modes'' of the N oscillators. When the coupling between different pairs is weak, Eq. ͑5͒ is recovered for each pair. The validity regime of the present approach has also been discussed, and error estimates for both the mode structures and global frequency spectra have been given.
It is tempting to apply the present theoretical formalism for systematic stability analyses of high-n modes in axisymmetric plasmas. One possible application are stability studies of toroidal Alfvén modes in ITER or other tokamaks of the present generation. There are basically two issues along this route: first, the determination of a local dispersion function F(;nq, k ) for realistic experimental conditions; and second, the construction of a tool for the systematic numerical solution of Eq. ͑5͒ and its multiple-pair generalization to obtain global frequency spectra and mode structures. A nu-merical code is currently being developed to solve the second of these issues.
Meanwhile, in the absence of a general expression for F(;nq, k ), the results of a recent analytic theory of high-n Alfvén modes excited by energetic particles have been given here. 2, 12, 13 The expression of F(;nq, k ), hence obtained, is based on the large aspect ratio assumption, ⑀ 0 Ӷ1, and on the validity of the ͑s,␣͒ model equilibrium for circular shifted magnetic flux surfaces. The first approximation clearly limits the applicability to present-day tokamaks, while the second might be reasonable for TFTR. Nevertheless, the present analytic theory fully retains nonperturbative energetic particle dynamics with large orbits, which makes F(;nq, k ), as given in Eq. ͑25͒, suitable to predict, at least qualitatively, the essential two-dimensional stability properties of toroidal Alfvén modes.
A detailed study of local stability of the Alfvén branches, whose frequencies are close to the toroidicity-induced Alfvén continuum gap, has been presented. It has been shown that the nonperturbative treatment of energetic-particles dynamics yields the identification of an energetic-particles continuum mode ͑EPM͒, 2 in addition to the well-known TAE and KTAE spectra. The EPM may be present in the frequency range of the upper shear Alfvén continuous spectrum as well as in that of the lower continuum, although, for nominal experimental parameters, the upper branch should be preferentially observed ͑cf. Sec. IV͒.
In the present work, the two-dimensional mode structures of toroidal Alfvén modes have also been analyzed. Relevant results are the confirmation of the previous analyses on the radial envelope function of Toroidal Alfvén Eigenmodes ͑TAE͒;
9 the discussion of the radial localization of the corresponding kinetic branch ͑KTAE͒, which may be rather extended; and the analysis of the energetic-particle continuum mode, 2 whose localization is determined by the spatial dependence of the fast particles drive and by the resonance condition between the mode characteristic frequency and the energetic particles. More specifically, ͉⌬r͉ TAE Ӎ⑀ 0 L A ,
These results show how, in general, local theories may not be used to analyze either global mode structures or stability properties of Alfvén modes; not even for KTAEs, as it is usually done. This clearly does not mean that local theories are useless, but that they should be judiciously employed just to gain a feeling of which physical mechanisms are important in determining global mode stability and how these may influence global mode structures.
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APPENDIX A: RADIATIVE DAMPING: WKB SOLUTIONS IN THE EXTERNAL REGION
Our goal is to solve Eq. ͑13͒ in order to finally compute the functions F 1 ,F 2 ,F 3 , defined in Eq. ͑22͒. This, of course, can be readily done by numerical methods. However, the presence of a ''smallness'' parameter, ⌬ K Ͻ1, in the considered equations,
suggests that a WKB solution of Eq. ͑13͒ is good enough for the present purposes. It is readily shown that the general WKB solutions of Eq. ͑13͒ have the following form:
Here, Q Ϯ ϭ⌫ Ϯ Ϫ⌬ K x 2 , Qϭ(ϪQ Ϫ Q ϩ ) 1/2 , and C 1 and C 2 are arbitrary constants, which need to be determined by the requirement that boundary conditions A(x),B(x)→0 as ͉x͉→ϱ on the real axis be satisfied, and that proper connection formulas apply at WKB turning points, between different applicability regions of WKB solutions in the x complex plane.
There are two pairs of regular WKB turning points for Eq. ͑13͒, at x ϩ 2 ϭ⌫ ϩ /⌬ k and at x Ϫ 2 ϭ⌫ Ϫ /⌬ k , respectively. It is readily shown that the turning points are located at Ϯx ϩ and Ϯx Ϫ , with Rx ϩ ϾRx Ϫ Ͼ0 for unstable modes. Noting the symmetries of Eq. ͑13͒, it is possible to show that the WKB solutions satisfying homogeneous boundary conditions on the real axis are
and
͑A3͒
Here, K ͑Ϯ͒ are arbitrary constants, and ͑Ϯ͒ is referred to as the value of Rx.
In the lower continuum, R⌫ ϩ Ͻ0, Eqs. ͑A2͒ and ͑A3͒ apply along the whole real x axis. So, it is readily seen that
Within the toroidal Alfvén frequency gap, R⌫ Ϫ Ͻ0 and R⌫ ϩ Ͼ0, the WKB solutions of Eqs. ͑A2͒ and ͑A3͒ need to be analytically continued through the Ϯx ϩ turning points. This leads to the following expressions:
Here, T is given by the phase integral
The WKB solutions given in Eqs. ͑A5͒ and ͑A6͒ are valid at xϭ0. Thus,
In the upper continuum, R⌫ Ϫ Ͼ0, the WKB solutions given in Eqs. ͑A5͒ and ͑A6͒ need to be analytically continued through Ϯx Ϫ to a wedge in the complex plane, including xϭ0. Using the connection formulas for a regular turning point, it is possible to show
͑A10͒
From Eqs. ͑A9͒ and ͑A10͒, one derives ͑0͒ must be found. This is done straightforwardly, recognizing that Eqs. ͑13͒ reduce, in both cases, to those of an harmonic oscillator in the neighborhood of xϭ0.
Consider first the case ͉⌫ Ϫ /⌬ K 1/2 ͉Ͻ1, i.e. x Ϫ →0. Equation ͑13͒, after some algebra, can be cast in the form of a parabolic cylinder equation, and we obtain
where ⌫(z) is the Euler gamma function, and a and ⌳ have been defined as
Note that, as x Ϫ →0, a Ӎ Ϫ⌫ Ϫ /ͱ2⌬ K , and, from Eq. ͑A11͒, RӍia/2. Thus, for RaӶϪ1, Eq. ͑A13͒ reduces to Eq. ͑A12͒, as it may be verified taking the Stirling approximation to the Euler gamma function. Equation ͑A13͒ may be also rewritten as 
͑A17͒
Equations ͑A13͒ and ͑A16͒ are exactly equivalent. However, in the form of Eq. ͑A16͒, we may easily take the Raӷ1 limit and see that, for unstable modes ͑TaϽ0͒, Eq. ͑A8͒ is recovered. An analysis similar to that for the x Ϫ →0 limit may be done for x ϩ →0. In this case, we find ͪ ͱ ⌫ ϩ .
In Eqs. ͑A20͒-͑A23͒, T, R, a, ⌳, and ⌳ are defined in Eqs. ͑A7͒, ͑A11͒, ͑A14͒, ͑A15͒, and ͑A17͒, respectively. Equations ͑A20͒-͑A23͒ may be substituted into Eqs. ͑22͒ to obtain the functions F 1 ,F 2 ,F 3 , which appear in the local dispersion function of toroidal Alfvén modes. Alternatively, Eqs. ͑13͒ may be integrated numerically to obtain F 1 ,
The WKB analysis of Eq. ͑13͒, presented so far, is straightforward but tedious. The underlying physical mechanism, however, can be delineated by the following qualitative physical pictures. In an approximate sense, Eq. ͑13͒ can be regarded as the Schrödinger equation for a particle of ''energy'' Eϭ⌫ ϩ ⌫ Ϫ moving in an ''effective potential'' well,
Equations ͑A20͒ and ͑A21͒ correspond to the situation depicted in Fig. 4͑a͒ , cases ͑i͒ and ͑ii͒, respectively. More precisely, in case ͑i͒ a bound state may exist, which leaks energy due to tunneling to high-x values. Note that, because of the definition xϵ⑀ 0 ⍀ 2 , with being the Fourier conjugate variable to nqϪm, this is equivalent to saying that the bound state loses energy due to tunneling to short wavelengths. Case ͑i͒ is the typical situation of the upper KTAE branch, 6, 8 and the exponentially small damping rate of the mode is usually referred to as radiative damping. 6 In case ͑ii͒ a bound state does not exist. However, recall that V eff describes the mode structure in the ''external region,'' i.e. on short scale lengths. On longer scales, the ''internal region'' physics would give rise to a deep well in V eff around xϭ0. In fact, it is immediately verified that case ͑ii͒ in Fig. 4͑a͒ corresponds to a typical TAE, located in the upper half of the frequency gap. For this mode, the radiative damping is clearly much smaller than in the upper KTAE case. In Fig. 4͑b͒ , the situations corresponding to Eqs. ͑A22͒ ͓case ͑ii͔͒ and ͑A23͒ ͓case ͑i͔͒ are shown. Case ͑ii͒ is analogous to the corresponding one of Fig. 4͑a͒ , and refers to the typical situation of a TAE in the lower half of the frequency gap. Case ͑i͒, instead, is clearly characterized by the absolute absence of bound states. This is the case of the lower KTAE branch, for which radiative damping is strongest. Thus, we have a pictorial explanation of why the lower KTAE is much more damped than the upper KTAE branch. 6, 8 Furthermore, we ought to remind the reader that a calculation similar to that presented here has been done in Refs. 28 .
That the WKB analytical estimates are rather accurate can be readily seen in Figs. 5͑a͒-5͑c͒ , where the values of F 1 ,F 2 ,F 3 obtained with numerical integration of Eqs. ͑13͒ are compared with those derived from Eq. ͑22͒, along with Eqs. ͑A20͒-͑A23͒. Finally, let us make a remark on the properties of the local dispersion relation, Eq. ͑21͒, with the functions F 1 ,F 2 ,F 3 computed either numerically or analytically using Eqs. ͑A20͒-͑A23͒. The parity of mode structures in depends on the choice of the constants K
͑Ϯ͒
. From the definition of F 1 ,F 2 ,F 3 , Eq. ͑22͒, it is then possible to see that Eq. ͑21͒ describes all modes, regardless of their parity.
APPENDIX B: NONPERTURBATIVE ENERGETIC-PARTICLES RESPONSE
In order to compute the local dispersion function of toroidal Alfvén modes, defined in Eq. ͑21͒, we need to solve for aϭc,s. Furthermore, in Eqs. ͑B2͒ and ͑B3͒, ␦G c, j and ␦G s, j satisfy the equations To perform the integration in space, we use the Padé approximation for the Bessel functions 2, 12 and find
